Abstract. We investigate the electronic instabilities of the small-diameter (3, 3) carbon nanotubes by studying the low-energy perturbations of the normal Luttinger liquid regime. The bosonization approach is adopted to deal exactly with the interactions in the forward-scattering channels, while renormalization group methods are used to analyze the low-energy instabilities. In this respect, we take into account the competition between the effective e-e interaction mediated by phonons and the Coulomb interaction in backscattering and Umklapp channels. Moreover, we apply our analysis to relevant experimental conditions where the nanotubes are assembled into large three-dimensional arrays, which leads to an efficient screening of the Coulomb potential at small momentum-transfer. We find that the destabilization of the normal metallic behavior takes place through the onset of critical behavior in some of the two charge stiffnesses that characterize the Luttinger liquid state. From a physical point of view, this results in either a divergent compressibility or a vanishing renormalized velocity for current excitations at the point of the transition. We observe anyhow that this kind of critical behavior occurs without the development of any appreciable sign of superconducting correlations.
Introduction
The development of nanoscale technology during the last decade has attracted much attention on carbon nanotubes, which are among the most promising candidates to fabricate molecular-size devices. This is mainly due to the wide variety of their electronic and transport properties, which can result in metallic [1] , semiconducting [2] or even superconducting behavior [3] , depending on geometry and the way of assembling.
From a theoretical point of view, the confinement of electrons in the longitudinal dimension of the nanotubes induces the so-called Luttinger liquid behavior [6] [7] [8] [9] [10] . This is characterized, for instance, by the power-law dependence of the differential conductance, which has been actually observed experimentally [4, 5] .
Such a behavior breaks down anyhow at sufficiently low temperature, and the nanotubes enter a different regime, usually driven by the quality of the contacts in the experimental setup. In particular, in the case of very transparent contacts, it has been observed that carbon nanotubes may develop superconducting correlations, inherited from superconducting electrodes (proximity effect) [3] as well as intrinsic to large assemblies of massive ropes [11, 12] . a e-mail: enrico.perfetto@roma2.infn.it
The superconducting instability is anyway in competition with the so-called Peierls (or charge-density-wave) instability, which may induce a metallic-semiconducting transition caused by a lattice distortion. The mean-field temperature T P of such a transition has been estimated by means of detailed calculations, and it is predicted to increase as the radius of the nanotubes becomes smaller [13] . For tubes of typical radius, calculations find a very low (undetectable) value of T P , while for thinner nanotubes it is predicted to be significantly larger and competing with the superconducting critical temperature.
Nevertheless, superconductivity at about 15 K has been claimed to occur in 4Å-diameter nanotubes [14] . In the experiment reported in reference [14] , a strong diamagnetic behavior was interpreted as an anisotropic Meissner effect, while a genuine superconducting transition was not observed. This has opened some controversy on this issue, since ab initio simulations predict a room-temperature Peierls transition in the allowed 4Å-diameter geometries, namely in the (5, 0) [15] and the (3, 3) nanotubes [16] . On the other hand, mean-field calculations for the (5, 0) nanotubes seem to find a superconducting instability, but with a critical temperature of about 1 K [17] .
In this paper we investigate the low-energy properties of the (3, 3) nanotubes by focusing on the instabilities of the Luttinger liquid behavior. We study carefully the competition between the effective e-e interaction 572 The European Physical Journal B mediated by phonons and the Coulomb repulsion. The bosonization technique is applied in order to deal exactly with the interactions in the forward-scattering channels, while renormalization group methods are used to approach the low-energy instabilities of the system, driven by the backscattering and Umklapp interactions. Moreover, we pay also special attention to the experimental conditions reported in reference [14] , which lead to large arrays of nanotubes embedded in a zeolite matrix. This gives rise to a large screening of the Coulomb potential, which has no counterpart in the case of single nanotubes [18, 19] . We study this effect by means of a generalized RPA approach, showing that the long-range intertube coupling produces an efficient screening of the intratube interactions with small momentum-transfer.
The most important result of the present study is the finding of two different low-energy phases characterized by critical (nonanalytic) behavior of the physical observables. Under the conditions corresponding to the experimental samples described in reference [14] , the critical behavior is related to the vanishing of one of the Luttinger liquid parameters, and it is qualitatively consistent with the large diamagnetic signal observed in reference [14] . We also observe that this kind of singularity occurs well before the development of any sizeable superconducting or chargedensity-wave correlations in the electron system.
Luttinger liquid approach to forward-scattering interactions
We start by paying attention to the interactions mediated by the Coulomb potential, which provides a strong source of repulsion between electrons in single nanotubes. In the tubular nanotube geometry, the Coulomb potential is given by [7] V C (r − r ) = e 2 /κ
(1) where the x coordinate goes along the longitudinal direction and y is the coordinate around the waist of the nanotube. R is the nanotube radius and the parameter a z 1.6Å is dictated by the size of the π carbon orbitals [7] . The screening by the environment of external charges is in general encoded in the dielectric constant κ. For the sake of studying the nanotube transport properties, it is more convenient do deal with the onedimensional (1D) projection of the potential onto the longitudinal dimension of the nanotube. This is achieved by integration of the circular coordinate, upon which we obtain the 1D Coulomb potentialṼ C (k) depending on the longitudinal momentum-transfer k [20]
k c is in general of the order of the inverse of the nanotube radius R, as it is the memory that the 1D projection keeps of the finite transverse size. and g
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The relative strength of the Coulomb interaction is given by the dimensionless ratio between e 2 and the Fermi velocity v F , which can be evaluated from the constant e 2 /c ≈ 1/137 and the estimated Fermi velocity for the (3, 3) nanotubes [21] . This turns out to be v F ≈ 7.5 × 10 5 m s −1 , which leads to a ratio e 2 /v F ≈ 2.9. This means that the Coloumb potential should give the dominant interaction in the forward-scattering channels, at least in single nanotubes. The processes can be classified depending on the low-energy linear branches involved in the electron-electron scattering [22] . We recall at this point that the low-energy modes of the (3, 3) nanotubes lie in a bonding and an antibonding subband that cross at two Fermi points (in the undoped system) with opposite longitudinal momenta [21] . We can distinguish in particular four forward-scattering channels, labelled by their respective couplings as represented in Figures 1 and 2 . In these processes there is a nominally strong Coulomb repulsion between the electrons, as they scatter without change of their chirality and the interaction strength is simply given by the Coulomb potential (2).
